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SUMMARIES 
This paper describes the work of mathematicians 
during the seventeenth and eighteenth centuries on the 
pressure-height problem of determining the relationship 
between atmospheric pressure and altitude. Omitting 
minor contributions by many other mathematicians, the 
paper describes the work of Pascal (atmospheric pressure 
decreases with altitude), E. Mariotte (height increases 
in geometric progression as pressure decreases in arith- 
metic progression), E. Halley (the use of logarithms), 
John Wallace, G.W. Leibniz, Jacques Cassini, Daniel 
Bernoulli, Pierre Bouguer, J.H. Lambert, G. Fontana, 
J.A. DeLuc, S. Horsley, J. Playfair, and P.S. Laplace 
whose formula summarized previous results. 
Diese Arbeit beschreibt die Vntersuchungen, welche im 
17. und 18. Jahrhundert von Mathematikern unternommen 
wurden, urn die Abhangigkeit des atmospharischen Druckes 
von der Hijhenlage zu bestimmen. Es werden -- unter Weg- 
lassung kleinerer Beitrgge vieler anderer Mathematiker -- 
beschrieben die Arbeiten von Pascal (atmosph&ischer 
Druck nimmt ab mit zunehmender Hahe), E. Mariotte (wenn 
die HZjhe in geometrischer Progression w;ichst, nimmt der 
Druck in arithmetischer Progression ab), E. Halley 
(Heranziehung von Logarithmen), John Wallace, G. W. 
Leibniz, Jacques Cassini, Daniel Bernoulli, Pierre Bouguer, 
J.H. Lambert, G. Fontana, J.A. DeLuc, S. Horsley, J. Playf 
Playfair, und von P.S. Laplace, dessen Formel friihere 
Ergebnisse zusammenfasst. 
Cet article-ci d&cris les oeuvres des mathematiciens 
pendant les dix-septi&ae et dix-huitigme sibcles au 
problem de determiner la relation entre le pression 
atmosph&ique et l'altitude. Omettant les contributions 
mineures par beaucoup d'autres mathematiciens cet 
article-ci dbcris les oeuvres de Pascal (le pression 
atmosphbrique decroit a l'altitude), E. Mariotte (l'alti- 
tude croft en progression ghmetrique quand le pression 
decroi't en progression arithmgtique), E. Halley 
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(l'utilization des logarithmes), John Wallace, G.W. 
Leibniz, Jacques Cassini, Daniel Bernoulli, Pierre Bouguer, 
J.H. Lambert, G. Fontana, J.A. DeLuc, S. Horsley, J. 
Playfair, et P.S. Laplace du qui la formule a resume les 
resultats anterieurs. 
The story of the pressure-height relationship begins with the 
construction by Torricelli of the first barometer in 1643 
[Middleton 19691 Although Torricelli never published an account 
of his work on the barometer, he described it in two letters of 
1644 to his friend Michelangelo A. Ricci [Pascal 1937, 163-1681 
who passed on the news to PBre Marin Mersenne, the great Parisian 
intermediary. Among the many scientific men who heard of the 
barometer from Mersenne was M. Petit, chief of the French Depart- 
ment of Fortification, and he told the young Blaise Pascal 
[Pascal 1937, xvi]. Pascal1 several times repeated Torricelli's 
barometric experiment, using different liquids, tubes, etc. 
His pamphlet Experiences nouvelles touchant le vuide circulated 
widely and made these experiments famous in the European scien- 
tific world [Pascal 1937, xvi-xvii]. 
The idea that the pressure or weight of the atmosphere 
decreases with increasing height is generally attributed to 
Pascal [Shaw 1939, 461, but his priority is doubtful. Some claim 
that Descartes suggested this relationship to Pascal. [Wootton 
1927, 411; Adam 1887-18881 Others maintain that the idea came 
from Mersenne [Duhem 19061 Torricelli suspected this relation- 
ship, for he states in his first letter to Ricci: 
We live submerged at the bottom of an ocean of the 
element air, which by unquestioned experiments is known 
to have weight. [Torricelli is apparently referring to 
Galileo's experiments -- H.H.F.] So much, indeed, that 
near the surface of the earth where it is most dense, it 
weighs (volume for volume) about the four-hundredth part 
of the weight of water... whereas that on the tops of 
mountains begins to be distinctly rare and of much less 
weight than the four-hundredth part of the weight of 
water. [Pascal 1937, 1641 
It was Pascal, however, who first proved that atmospheric 
pressure decreased with increasing altitude. On September 19, 
1648, he induced his brother-in-law, Florin Perier, to take read- 
ings of two barometers, both at the foot and at the top of the 
mountain Puy de Dome, under the close observation of a select 
group of "distinguished ecclesiastical gentlemen and laymen 
[Cajori 1929; Moulton and Schiffers 1953, 948-.152]. Later in 
1648, in his R&it de la grande expgrience de 1'6quilibre des 
liqueurs, Pascal published the results and suggested 
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the use of the barometer to determine heights [Cajori 1929, 5001. 
Pascal also gave an interesting discussion of the total weight 
of the atmosphere about the world, arriving at the value of 
8,283,889,440,000,000,000 pounds by methods he considered so 
elementary that “a child who knew how to add and subtract could 
do it ” [Pascal 1937, 63-661. 
The work of Torricelli and Pascal, and especially the propo- 
sal to measure heights with a barometer, triggered efforts by 
many of the leading mathematicians during the following hundred 
and fifty years to establish a precise relationship between 
atmospheric pressure and altitude. However, it was necessary to 
know more about the elasticity or compressibility of the air. 
This need was met in 1660 by Robert Boyle, who formulated his 
famous volume-pressure law from experiments on atmospheric 
pressure [Boyle 1744, 97-1041. 
ROBERT HCOKE 
Since Hooke was deeply interested in nearly every phase of 
seventeenth-century meteorology, it is not surprising that he 
was drawn to the pressure-height problem. Moreover, he was a 
close assistant in Boyle’s experiments on the elasticity of air 
[Espinasse 1956, 461. In his Micrographia [Hooke 16651, he 
considered a vertical column of the atmosphere divided into 1000 
layers containing equal quantities of air, From the density of 
the air at ground level, he determined that each layer must con- 
tain as much air as a column of surface air 35 feet high. Using 
Boyle’s law, he obtained the following heights of the layers. 
Layer Height at Top of Layer in Feet 
1 35 351999 
2 35 35/999 + 35 70/998 
3 35 35/999 + 35 70/998 + 35 105/997 . 
35 35/999 + . . . . . . . + 35 35n/(lOOO-n) 
Hooke did not attempt to sum these thicknesses, and he recog- 
nized that the 1000th layer must be of infinite thickness; 
“since we cannot yet find the the ‘plus ultra,’ beyond which 
the air will not expand itself, we cannot determine the height 
of the air” [Hooke 1665, 2281. 
EDME MARIOTTE 
The most influential quantitative relation that arose from 
pressure-height studies was the law that the height increased 
in geometric progression, the pressure decreases in arithmetic 
progression. It is attributed to Edme Mariotte (c. 1620-1684) 
[ Lindenau 1809, xxi]. 
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In the Discours de la nature de l'air [Mariotte 17401, he 
divided the height of the atmosphere into 4032 (= 12*12.28) 
layers of equal weight, corresponding to subdivisions of the 
normal barometric height of 28 inches. From his experiments 
Mariotte concluded that the thickness of the lowest layer was 5 
feet. He then argued that the thickness of the 2016th layer 
(under half the pressure at the surface) was 10 feet. Mariotte 
knew that the intervening layers increased in geometrical progres 
sion, but he apparently wished to avoid difficult calculations. 
Mariotte assumed that the average thickness of the intervening 
layers between the lowest and 2016th was the arithmetic mean of 
5 feet and 10 feet, i.e. 7 l/2 feet. This gave the height of 
the lower half of the atmosphere as 15,120 feet (7 l/2 x 2016). 
In a similar manner, he found the thickness of the lower half of 
the upper half of the atmosphere to be 15,120 feet. This process 
could be carried on indefinitely, but he stopped after 12 succes- 
sive applications of this approximate method. At the attained 
altitude of nearly 35 miles, he had no evidence that air could 
be expanded further. 
Mariotte is also said to be the first to explain a process by 
which the altitude of a high place could be computed with the 
barometer. [Cajori 1929, 5041 He did not give a formula, but 
described a procedure based on the assumption that a rise of 63 
Paris feet resulted in the drop in the barometric reading of 1 
line (= 1/144th,part of an inch). Based on barometer readings 
at two locations, the altitude of the lower being known and that 
of the higher to be determined, Mariotte’s method is equivalent 
to the formula H = 63d + (3/8)(d-1)/Z, where H and d are the 
differences in the heights and barometer readings. The second 
term was a correction factor obtained by examining data from the 
Puy de Dome experiment and a similar one performed by D. Cassini 
at a mountain in Provence [Mariotte 1740, 174-1751. 
EDMUND HALLEY 
The first one to apply Mariotte’s arithmetic-geometric concept 
to the pressure-height problem was Edmund Halley in 1686. His 
method rested upon the fact that Boyle’s Law is represented by a 
hyperbola graphed in relation to its asymptotes as axes and the 
relation between the hyperbola and logarithms, which were then 
becoming familiar to mathematicians [Knott 19151. His argument 
was as follows: 
The expansion of the air is inversely proportional to the 
height of the mercury (Boyle’s Law) and hence can be represented 
by a hyperbola (Fig. 1) related to asymptotes. By the 65th prop. 
lib. 2, of the Conic by Mydorge (1613), the rectangles ABCE , 
AKGE , ALDE etc., are equal, and the sides CB , GK , LD , 
etc., are reciprocally .as AB AK AL etc. If the lines 
AB , AK , AL are assumed eqtal to’the h;ights of the mercury, 
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or the pressures of the atmosphere, the lines CB , KG , LD 
denote the expansions of the air under those pressures. NOW 
these expansions are taken infinitely many and infinitely small 
according to the method of indivisibles [Boyer 1949, 117-1261. 
Their sum will give the spaces of air between the several heights 
of the barometer; that is, the sum of all the lines between CB 
and KG , or the area CBKG , will be proportional to the distance 
or space intercepted between the levels of two places in the air, 
where the mercury would stand at the heights represented by the 
lines AB , AK . Thus, the difference between the altitudes 
to which correspond respectively the pressures AL and AM for 
example, is proportional to the area MLDF . The areas CBKG , 
GKLD , DLFM , etc., are, according to the demonstration of 
Gregory of St. Vincent in his Opus Geometricum of 1647 [Bopp 19071, 
proportional to the logarithms of the numbers expressing the 
respective ratios of AK to AB , of AL to AK , of AM to 
AL , etc. 
(1) (area MFDL)/(area NHFM) = (log AL - log AM)/(log AM - log AN) 
Hence, from the common tables of logarithms, the heights of any 
place in the atmosphere having any assigned level of the mercury 
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may "most easily be found." This height (H) in English feet 
can be found by the formula H = 9OO(log 30 - log h)/0.0144765, 
where h is the mercury column at the level in question, 
0.0144765 = CB = the height of the mercury column at sea level 
AB, and 900 feet is the height of a cylinder of air equal to an 
inch of mercury at sea level [Halley 1686, 1091. Using the 
above formula, Halley derived two'pressure-height tables from 
which could be read the altitudes corresponding to inches of 
mercury from 29 (915 feet) to 0.0001 (278,338 feet). 
Halley's formula can be derived by elementary calculus as 
follows: By Boyle's Law, pv = constant = 30.900 (Halley's 
constant). The cylinder of air from sea level to the place with 
barometric reading n is the integral from h to 30 of vdp, 
or of (30*900)dp/p, which equals 20.900 (log 30 - log h). Chang- 
ing from natural to common logarithms, by dividing by the modulus 
0.434295, we find Halley's formula. However, Halley's work pre- 
ceded Newton's Principia by a year, and he did not yet know about 
fluxions. While he could have used methods of Gregory of St. 
Vincent and others to find the area under the curve BHC, his use 
of the proportion (1) made this unnecessary. 
Halley acknowledged thathis formula was not precisely accu- 
rate, as he had considered the "air and atmosphere as one 
unaltered body, as having constantly at the earth's surface the 
800th part of the weight of water, and being capable of rarefac- 
tion and condensation in infinitum " [Halley 1686, 1091. He 
also realized that such factors as temperature variations 
influenced the density of air and he tried to explain them, but 
he felt that his formula would suffice for the altitudes which 
would generally be under consideration. 
JOHN WALLIS AND LEIBNIZ 
By the beginning of the eighteenth century a great deal of 
scientific interest had focused upon the promising method of 
barometric determination of altitudes. But serious difficulties 
had been encountered, one of the most serious being the variations 
in readings at sea level. Pascal, Hooke, and Halley had all 
considered this problem, and had made fairly astute conjectures 
for that time. In general, however, the scientific world was 
still groping in the dark with respect to this problem. This is 
clearly exemplified by the conjectures put forward by two 
eminent mathematicians, John Wallis and Gottfried Wilhelm von 
Leibniz. 
John Wallis (1616-1703) was a highly respected predecessor 
and contemporary of Newton. His few ventures into the area of 
meteorology, however, were unproductive for the science of 
meteorology. In 1666, during one of these ill-fated ventures, 
Wallis advanced the theory that the "mists and vapours" hanging 
in the air increase the pressure of the air. He accounted for 
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the gradual sinking and the lowness of the barometer in rainy 
weather by the gradual decrease of the pressure of the air, 
which grows lighter in proportion to the quantity of the falling 
rain [Saul 17301. 
Many, like Wallis, had noted the lowness of the barometer 
during, or a little before, a rain. In a letter to the Abbot 
Bignon (c. 1710), Leibniz proposed reasons similar to those of 
Wallis [Desaguliers 1717, 5711. 
Leibniz claimed in this letter that a body which was in a 
fluid "weighted with that fluid" and made up part of the fluid's 
whole weight so long as it was sustained in it. However, if 
the body ceased to be sustained, and consequently fell, its weight 
would no longer make a part of the weight of the fluid, which 
then became less in weight. Leibniz applied this theory to the 
atmospheric "fluid." The particles of water increased the weight 
of the air when it sustained them, the air being diminished in 
weight when the water fell as rain. 
To account for the often observed decrease in the barometric 
readings before the occurrence of rain, Leibniz noted that it 
may often happen that the particles of water that were highest 
would fall a considerable time before they joined with those that 
were low, resulting in the diminished pressure before it rained. 
.JACQUES CASSINI 
Although Halley's formula involving logarithms was adopted, 
for many years it received little attention [Cajori 1929, SOS]. 
One of those who rejected the conjecture that altitudes increase 
with the differences of the logarithms of the atmospheric pres- 
sures was Jacques Cassini of the famous family of astronomers. 
In 1705 he discussed Mariotte's method for determining heights 
using the barometer, and presented tables based upon Mariotte's 
rules [Cassini 17051. However, finding that his experiments 
did not agree with the values obtained following the method of 
Mariotte, he later presented his own method for determining 
altitudes with the barometer [C assini 17331. Instead of assum- 
ing that the expansion of the air was inversely proportional to 
the pressure, as had Mariotte, Cassini conjectured that the 
pressure-height relationship was of the form H = C/p2 , where 
H= height, P = pressure, C = constant. 
To test his conjecture, Cassini compared the heights of seven 
mountains determined by his method, with the heights determined 
by trigonometry. He found that his method gave smaller results 
with relative errors that varied from 2 to 13 percent with no 
evident pattern. 
Cassini had attempted to determine the constant C in his 
formula, but from the irregularity of the differences between 
the heights determined by his formula, and those determined by 
trigonometrical methods, he concluded that it appeared impossible 
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to reconcile his observations with a general and simple law 
[Cassini 1733, 491. Jacques Cassini’s son, De Thury Cassini 
[1740] also briefly directed his efforts to this problem. 
DANIEL BERNOULLI 
In the first half of the eighteenth century, the method for 
determining altitudes with the barometer which received the most 
attention was that of Daniel Bernoulli (1700-1782). DeLuc, for 
example, devoted 12 pages of his treatise [1772] to the consider- 
ation of Bernoulli’s work’, while spending no more than four 
pages each on other proposed methods. The method of Bernoulli 
was the most mathematically interesting of this period, but, 
unfortunately, the most erroneous. 
Bernoulli [1738] devoted part of Section X of his Hydrodynamica 
to the problem. He began with a general discussion of the 
elasticity of gases and its relationship to the velocity of the 
gaseous particles and to the temperature, later considering the 
special case where the gas was air. Having rejected the loga- 
rithmic conjecture of Mariotte and Halley as contrary to his 
experience, Bernoulli based his development on the following 
assumptions: 1. The density of the air at any altitude is 
dependent upon the heat at that altitude. 2. Temperature 
increases (in general) with increasing altitudes. 3. If the 
atmosphere is considered as in a permanent state of equilibrium, 
and not moved by wind, then everywhere the pressure at equal 
altitudes is the same. Also, the height of the mercury in the 
barometer is proportional to the pressure of the air, not its 
density. 
With the above assumptions and employing an elegant but long 
and tedious geometrical method, Bernoulli developed the following 
formula: H = ZOOO(B/b) - 22000, where H is the altitude, B 
the barometric reading at the lower altitude, and b the baro- 
metric reading at the higher altitude. Bernoulli’s’arguments 
were invalid for physical reasons. His third assumption was 
false. The pressure at equal altitudes is not always the same. 
His second assumption was also false, but this error did not 
appreciably effect his resulting formula. Nevertheless, 
Bernoulli’s work is important in the development of pressure- 
height relationships in that he was the first to attempt to com- 
pensate for variation of temperature with increasing height, and 
to realize the applicability of the recently formalized field of 
calculus. 
PIERRE BOUGUER 
During the first half of the eighteenth century many members 
of the French Academy became interested in the pressure-height 
problem [DeLuc 1772, Vol. I, 1801. The French geometer Pierre 
Bouguer (16981758) spearheaded attempts to establish rules for 
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measuring heights with the barometer. He gave the following 
formula, presented here in algebraic form: 
H= 10,000(29/3O)(log B - log b) = 9667(log B - log b) 
where H is in toises (1 toise = 6.4 feet), B is the barometric 
reading at the lower altitude, and b the barometric reading at 
the higher altitude [Bouguer 1753, 5191. 
This formula differed very little from that of Halley’s of 
some 70 years before. Indeed, after converting to toises and 
noting that Br= 30, we find that Halley’s formula differs only 
in having 9719 in place of 9667. However, it was based on a 
great many more observations than was Halley’s. In applying it, 
however, Bouguer found that his results were not always consis- 
tent. It seemed to hold true at high but not low altitudes. 
Although he did not, as did Daniel Bernoulli, abandon the basic 
concept of the logarithmic approach to this problem, Bouguer 
began to lean toward Bernoulli’s idea of explaining the observed 
inconsistencies primarily by the elastic properties of air. Both 
Bouguer and Bernoulli identified elasticity of air with its 
pressure. 
From his many observations and experiments Bouguer derived a 
geometrical relationship between the pressure of the air, the 
density of the air, the height of the mercury in the barometer, 
and the altitude [Bouguer 1753, 523-5301. Bouguer differs from 
Bernoulli in assuming that the pressure decreased arithmetically 
with increasing altitude. In Figure 2, the vertical line AB 
denotes his altitude. The 
B ordinates of curve DB, (where 
the abscissas are measured 
along AB ) denote the pres- 
sure of the air at each alti- 
tude . The ordinates of the 
curve BC , whose equation is 
x = ym, denote the density of 
the air at each altitude. 
And the ordinates of the para- 
bolic curve HB , whose equa- 
tionis x=ym+l, represent 
the height of the mercury in 
the barometer at each altitude. 
H C A D Point B is the top of the 
Figure 2 
atmosphere. 
Bouguer made the novel 
proposal of using the pendulum 
to correct for the influence of the variations in the elasticity 
of the air in measuring altitudes by means of the barometer 
[Bouguer 1753, 532-5381. He argued that the decrease in the arc 
of the swinging pendulum during an interval of time was 
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TABLE I 
ALTITUDES CORRESPONDING TO BAROMETER READINGS BY VARIOUS RULES 
Mercury Height Mariotte Halley Cassini Bernoulli Bouguer 
in Barometer 
28 0 0 0 0 0 
27 11/12 63 75 l/12 63 65 8/12 75 l/12 
27 771 924 l/12 780 814 9/12 916 
26 1571 l/12 1883 l/12 1614 1692 4/12 1866 9/12 
25 2402 8/12 2869 lo/12 2514 2640 2854 7/12 
24 326 6 4/12 3917 l/12 3492 2666 8/12 3882 11/12 
23 4170 9/12 4998 8/12 4554 4782 7/12 4954 11/12 
22 5113 5/12 6128 3/12 5772 6000 6074 7/12 
21 6100 7309 9/12 7038 7333 4/12 7246 5112 
20 7134 6/12 8550 3/12 8430 8800 8475 5/12 
19 8222 2/12 9853 8/12 9972 10421 9767 5/12 
18 9367 lo/12 11227 7/12 11682 12222 3/12 11129 4/12 
17 10580 7/12 12680 13590 14235 3/12 12569 l/12 
16 11866 l/12 14220 15702 16500 14096 2/12 
Mercury heights are given in pouces (1 pouce =1.066 inches) 
Altitudes are given in pieds (1 pied = 1.‘066 feet] 
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proportional to the resistance encountered by the pendulum, 
which in turn was proportional to the density of the air, which 
was related to the air's pressure. 
JOHANN HEINRICH LAMBERT 
By the second half of the eighteenth century the pressure- 
height problem was in a chaotic state. The many formulas 
advocated for the altitude as a function of the barometer reading 
gave different results. A comparison of the methods discussed 
in this paper is presented in Table I, which is part of a contem- 
porary tabulation including all important proposals up to 1760 
[DeLuc 1772, Vol. I, 184-1851. In 1726 Johann Heinrich Lambert 
(1728-1777) began an attempt to clear up the confusion [DeLuc 
1772, 183-1841. 
From his barometric observations made at Petersburg, Lambert, 
over a period of eighteen years, concluded that the average 
height of the barometer at one station was the same for all 
months of the year [Murhard 1799, 5821. These observations 
showed also that the greatest variations in the barometer occurred 
in the winter months and that the maximum winter variations were 
almost twice as great as those of the summer. Lambert divided 
the greatest barometric variations (an average taken over many 
years) occurring in January into 100 equal parts. With January 
as a standard, Lambert then determined the average maximum baro- 
metric variations of the other months as follows [Murhard, 5911: 
January - 100 July - 48 
February - 95 August - 56 
March - 85 September - 74 
April - 73 October - 89 
May - 61 November - 96 
June - 52 December - 99 
This general rule of greater variations in barometer readings 
during the winter months was verified by observations from other 
cities in Europe. 
The large discrepancies between barometric and trigonometric 
height measurements were distressing. Lambert [1792] used the 
pressure-height problem to illustrate the advantages of statis- 
tical procedures where there was a great deal of uncertainty. 
He argued that a formula should be developed from the mean of all 
the reliable observations, and the greatest departure of indivi- 
dual observations from this mean should indicate the degree of 
confidence to be placed in the formula. Taking twelve mountains 
for which he had trigonometric height measurements corrected for 
the effect of atmospheric refraction, and taking the average of 
the reliable barometric observations at these mountains, Lambert 
set up Table II. He assumed that the difference of the logarithms 
of the barometer readings at sea level and the given altitude is 
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TABLE II 
LAMBERT’S COMPARISON OF MEASURED ALTITUDES 
AND BAROMETRIC READINGS 
Place 
Average 
Altitude Barometer 
(Toise) Reading 
Logarithm Difference 
(Ligne) 
Sea Level 0 
Clairet 277 
Rodez 362 
Massannc 408 
Rupeyroux 446 
Bugarac 628 
Puy de Dome 789 
La Coste 807 
La Cour Lande 801 
Mont d’Or 1001 
St. Barthelemy 1125 
Mousset 1228 
Canigan 1424 
336.0 
314.5 
308.0 
304.7 
301.5 
289.5 
278.5 
278.0 
278.0 
264.5 
257.5 
250.7 
240.5 
2.5263 0.0000 
2.4976 0.0287 
2.4885 0.0378 
2.4829 0.0434 
2.4793 0.0470 
2.4616 0.0647 
2.4448 0.0815 
2.4440 0.0823 
2.4440 0.0823 
2.4224 0.1039 
2.4023 0.1240 
2.3992 0.1271 
2.3811 0.1452 
1 Toise = 6 pieds = 6.4 feet 
1 Ligne = l/144 pieds 
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proportional to the altitude. To increase the accuracy of his 
averaging, he divided the thirteen observations into two groups, 
the first containing sea level and the six lower mountains and 
the second the six higher mountains. He then proceeded as 
follows : 
Let n and N be the numbers of observations in the first 
and second group, p and P the sum of differences, and q 
and Q the sums of altitudes. Then m = p/n = 0.3031/7 = .0433, 
M = P/N = 0.6648/6 = .1108, r = q/n = 2910/7 = 415.7, R = Q/N 
= 6486/6 = 1081 .O. 
To indicate the increase of height for each logarithmic dif- 
ference of one, Lambert used the ratio (R - r)/(m - m) = .9856. 
Hence, k = m(R - r)/(M - m) = 426.7, and r - k = -11. This 
means that the sea level observation, which had been set equal 
to 0, must be reduced by eleven toises. Hence, the altitude in 
toises is given by the formula H = 9856(log 336 - log z) - 11 
where z is the average barometer reading at height H. [Lam- 
bert, 4631 Lambert later empirically adjusted this formula to 
the following: H = lOOOO(log 336 - log z) - [43 - (336 - z)]/[43 
+ (336 - z)] [ Lambert, 6051. 
This formula was the most successful one up to his time. In 
testing it, Lambert found very little difference between the 
measured and barometrically calculated heights of mountains, the 
maximum difference being about ninety feet. [Lambert, 4641 
Lambert was also the first to propose a method of determining 
the effect of wind on the.barometric pressure, which had been 
noted by several earlier researchers [Kaemtz 1845, 2751. He 
suggested making a long series of barometer readings correspond- 
ing to wind velocities and then calculating the corresponding 
mean pressures. Here, too, his approach was statistical. 
GREGORIO FONTANA 
Many eighteenth-century Italian mathematicians were actively 
concerned with the problem of measuring altitudes with the 
barometer. One such, Gregorio Fontana, developed probably the 
most purely mathematical approach to his time. Being quite 
interested in the rapidly developing field of calculus [Cantor 
1908, 699-7011, Fontana joined Daniel Bernoulli in realizing its 
great applicability to the pressure-altitude problem. 
In his development of a formula for relating altitude to 
barometric readings, Fontana [1771, 571 began by assuming that 
gravity varied inversely as a power (n) of the distance from the 
center of the earth. He then developed his solution to the 
pressure-height problem. 
Let A = the height of the mercury in the barometer at sea 
level; xe= the perpendicular height of the place in question, 
z = the height of the mercury at this place, f = the density of 
the air near the surface, q = the density of the air at height X, 
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g = the accelerating of gravity on the surface, and r = the 
radius of the earth. Fontana assumes that the density of the 
air at x is proportional to the pressure at this altitude and 
to a constant pressure C . Then grn/(r = x)" is the acceler- 
ating force of gravity at height x , and dz - nzdx/(r + x) 
+ frgnzdx/(gA + C)(r + x)n = -fCdx/(gA + C). To integrate this 
equation Fontana lets z be a function of x , introduces 
another differential equation, and after a great deal of mathe- 
matical manipulation and integration obtains z = [(Ag + C) 
.(r + x)n/grn]E exp.([fgrn/(n - l)(gA + C)(r + x)n-l] 
- [fgr/(n-l)(gA + C)]) - C(r + x)"/gr", where E is the base of 
natural logarithms, for which Euler used e . Then Fontana sets 
z = 0 to obtain CE exp.[fgr/(n-l)(gA + C)] = (Ag + C)E exp. 
.[fgrn/(n - l)(gA + C)(r + x-)n-l]. Hence, the desired relation 
between the altitude x and the barometric readints is obtained 
[Fontana, 571: x = (fgr/(fgr + (n - l)(gA + C)[log C 
- log(gA ,+ C)]))l/n-l - r. 
Fontana realized that this formula depended upon very special 
assumptions and tried to make it more generally applicable. 
[Fontana, 57-1021 He was aware of previous work by such men as 
Daniel Bernoulli, Bouguer, and Lambert. He gave tables comparing 
the heights obtained from Lambert's and his own formulas [Fon- 
tana, 145-1491. 
Fontana was the first to provide a correction in the pressure- 
height formula for the decrease in the gravity with increasing 
distance from the center of the earth [Ruhlmann 1870, 31, 
although Newton had referred to the matter [Newton 1686, 298- 
3011. His use of the exponential function is unique in the 
pressure-height development. 
JEAN ANDRE DE LUC 
The Genevan physicist Jean Andre De Luc (1727-1817) presented 
his extensive efforts to resolve the confusion in his two-volume 
work Recherches sur les Modifications de 1'Atmosphere (1772). 
After comparing the many rules and formulas proposed, De Luc 
concluded that they were based on too few and inadequate obser- 
vations made with untrustworthy instruments. He then decided 
to start from the beginning. 
I therefore resolve to close the books and to consult 
Nature alone, following her step by step as far as she 
leads me. True, I flattered myself that by the improve- 
ments that I had made in the barometer, I should easily 
complete a task which appeared to me to be a very useful 
one; it was this which made me enter on this course with 
confidence: but instead of finding a short and easy 
path, I plunged into a labyrinth whence I emerged only 
after much work. [De Luc I, 1861 
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Realizing that much greater dependability was required in 
the barometer and thermometer, De Luc, during a period of 20 
years (1750-1770), made major improvements in both instruments 
[Wolf 1952, 291-2981. 
Taking many observations with his improved instruments, and 
basing his rule upon the logarithmic conjecture of Mariotte and 
Halley, but for the first time with corrections for temperature 
variations and capillarity, De Luc developed the following 
height-pressure formula expressing the difference, in French 
toises, of the altitudes of two stations [De Luc II, 1661: 
[(log c - log b) - (log c - log b)a/lOOO]/lOOO where a = number 
of degrees in (+) or (-) of the point zero on De Luc’s special 
thermometer scale, b = height of mercury in the barometer at 
the upper station, and c = height of mercury in the barometer 
at the lower station. Here the term (log c - log b)a/lOOO was 
the temperature correction factor. De Luc also gave a tempera- 
ture correction for the value (c), replacing it by c = (c - b) 
.a/1000 [De Luc II, 1671. 
The first major step in the development of a general rule had 
been taken by Halley in 1686 with his application of logarithms. 
De Luc’s work, which was theoretically founded on Halley’s loga- 
rithmic conjecture, but otherwise empirically developed, involved 
corrections to the pressure-height formula for temperature 
changes and provided the second major step. Thus De Luc ’ s work 
was the basis of succeeding developments [Lindenau 1809, XXVI; 
Maskelyne 1774, 158-1701. 
SAMUEL HORSLEY 
The work of De Luc precipitated a resurgence of mathematical 
interest in the pressure-altitude problem during the last quarter 
of the eighteenth century. Research centered on more refined 
corrections to De Luc’s formula [Lindenau XXVI], or on mathemat- 
ical and meteorological elucidations of reasons for the variety 
of results obtained in the barometric measurement of altitudes. 
In the latter direction, the English bishop and scholar Samuel 
Horsley (1733-1806), was prominent. Horsley was not a mathemat- 
ician by profession, but he displayed a great deal of interest 
and ability in mathematics. He edited several mathematical 
works, including works by Isaac Newton [Boyer 1956, 141, 2161. 
In his article I’M. De Luc’s Rule, for the measurement of 
heights by the barometer..., ” Horsley presented extensive mathe- 
matical interpretations of De Luc’s method [Horsley 1774, 220- 
256]. He took issue with the mathematicians who “have been afraid 
to admit the infinitude of the atmosphere of the earth” [Horsley 
2701, for he accepted the hypothesis that if the accelerative 
force of gravity were assumed the same at all altitudes, then 
densities of the air would decrease geometrically as the height 
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increased arithmetically (Fig. 3) [Horsley, 230-2311, a conjec- 
ture made earlier by Brook Taylor 11717, 102-1051. If DF was 
considered as the logarithmic curve denoting the decrease in the 
density of the air with increasing altitude, AD being the 
density of the air at sea level, Horseley called this curve the 
“Atmospherical Logarithmic. ” Then at an infinite height AC , 
CF would be the density of the air. The result of this hypo- 
thesis was that the diminution of the density of the air was 
subject to a limit (i.e., CF ). Brook Taylor appears to have 
been the first to have made this observation of the consequence 
of the density theory. However, he was one of those mathemati- 
cians that Horsley spoke of who were unwilling to admit to the 
infinitude of the atmosphere of the earth. He thus circumvented 
this conclusion by imagining a law of the elastic force that 
would decrease the density of the atmosphere beyond a certain 
height at a much greater rate than before [Taylor, 104-1051. 
This work by Horseley provides an excellent example of a 
very important by-product in the development of meteorology of 
the extensive efforts on the pressure-height problem, namely 
growing scientific attention to the atmosphere itself. Horseley 
devotes the second half of his above work to the mathematical 
investigation of different conjectures concerning the atmosphere. 
One of his conjectures is that “there will generally be a 
particular height in the atmosphere where the density will remain 
unchanged, by a given change of temperature ” [Horsley, 2781. 
He determines in what conditions this would happen and the 
height of unaltered density for given changes of temperature, by 
solving the following problem [Horsley, 278-2801: 
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PROBLEM 
To find the intersection of two logarithmics, which have a 
right line given in position for their common asymptote, and 
their subtangents given in magnitude; an ordinate in each curve, 
drawn at right angles with the common asymptote, through a given 
point in it, being also given in magnitude. 
SOLUTION 
Let logarithmic curves CDE and FDG , having the right line 
AB as their common asymptote, and the magnitude of the sub- 
tangent of each curve be given (Fig. 4). Through a given point 
A , in the common asymptote, let the right line AC be drawn, 
meeting the curves in C and F . Also let AC and AF be 
given in magnitude. It is required to find the point where 
these curves intersect. Assume that this point D is found, 
then draw DL perpendicular to AB . Through F, draw FM paral- 
lel to AB , meeting the other curve CDE in M. Draw MN per- 
pendicular to AB , and take AH and AK equal to the given 
subtangents of the curves CDE and FDG respectively. Now AL 
= log AF - log LD in the system of the curve FDG. Also, as 
NM = AF, NL = log AF - log LD. Therefore, (AL/NL) = (AK/AH). 
Thus, the proportion of AN to AL is given. Now AC and AF 
are, by hypothesis, given in magnitude. Therefore, the proportion 
Figure 4 
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of AC to AF or NM is given; and AN = log AC - log NM. 
Hence, AN is given in magnitude. Thus, as AN is given in 
magnitude, and the proportion of AN to AL is given, AL is 
given in magnitude. As AL is given in position, and the point 
A is given, the point L is therefore given. As LD is perpen- 
dicular to AL , LD is given in position. Now AL is given 
in magnitude, and the proportion AF to LD is given (by loga- 
rithms), and AF is given in magnitude. Hence, the point D 
is given. Horsley then gives an elaboration of this solution 
[Horsley, 280-2821, 
JOHANN FRIEDRICK HENNERT 
Interest in the pressure-height problem prompted the Royal 
Society of Science of Gllttingen to offer a prize in November 1785 
for the best solution to the question of the laws by which the 
pressure of air and heat’s effect on it can be demonstrated by 
suitable barometric altitude measurements [Murhard 721-7221, 
The winner of this prize was the German mathematician Johann 
Friedrich Hennert (1733-1813). 
In his prize-winning work Commentatio (1786), Hennert for the 
first time attempted to develop a pressure-height formula which 
more exactly accounted for the temperature differences between 
the two stations. He started with the hypothesis proposed by 
Euler (1754) 20 years earlier, that the temperature in the atmos- 
phere decreased with increasing altitude in a harmonic progres- 
sion. From experiment, however, he found that Euler’s hypothesis 
was incorrect, and gave a brief mathematical analysis to support 
his conclusion. Having a great deal of respect for Euler, and 
thus believing that Euler could not be entirely wrong, he 
attempted to amend Euler’s hypothesis [Hennert, 31-331, 
Hennert also made corrections for the expansion coefficient 
of air. Although he never compiled his temperature and air 
expansion corrections into a formula for determining the height 
by barometric means, such a compilation would give the following 
formula [Hennert, 17-21; Ruhlmann, 221: x = (2A(l + t/m) 
‘(1 + C/m)/{{1 = t/m) + (1 + C/m)])(log H - log h), where l/m 
= the expansion coefficient of air. 
Hennert’s importance lies in the fact that his work was the 
first attempt to treat air temperature as a function of altitude, 
and thus to correct the pressure-height formula for the decrease 
in temperature with increasing altitude. Like his predecessors 
Daniel Bernoulli and Gregorio Fontana, Hennert made liberal use 
of calculus. 
JOHN PLAYFAIR 
Although Hennert’s work had won the Gattingen Royal Society 
of Science prize in 1785, his work was not the only important 
contribution to the pressure-height problem that occurred during 
the last quarter of the eighteenth century. Empirical corrections 
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were given to the De Luc formula by Sir George Schuckburgh 
(1777)) General William Roy (1777), and Jean Trembley [ Lindenau, 
xxvii-xxviiil. These empirical corrections led to an important 
work by John Playfair (1788) on corrections to Halley’s basic 
pressure-height formula. 
Playfair presents a mathematical discussion of six important 
corrections: 1. for the decrease of temperature with increasing 
altitude 2. for the decrease of temperature in the upper layers 
of the atmosphere, and for the variations in the volume of a 
given quantity of air with variations of temperature 3. for the 
variation of a given quantity of air accompanying a given tem- 
perature variation, according to whether the air is compressed 
by a greater or lesser force 4. for the departure of the law 
of the pressure of air from that of a direct ratio of the density 
5. for the decrease in the weight of the mercury in the upper 
barometer 6. for decreasing gravity with increasing altitude. 
Playfair realized that variations in the moisture content of the 
air would affect the pressure-height equation, but he felt that 
knowledge about this variable was not yet sufficient to be 
expressed in an equation. He also noted that if the two baro- 
meters were not in a vertical line, it would be necessary to 
include a correction for the horizontal distance. 
Playfair was the first person to make a determined attempt to 
account mathematically rather than empirically for the many 
variables that affect the basic pressure-height formula. His 
work was the first clear evidence of the growing realization that 
greater attention must be given to discovering the laws concern- 
ing the temperature and other variables affecting the pressure- 
height formula, and to representing these laws mathematically. 
This new trend away from empirical methods culminated in the 
work of Pierre Laplace [Ruhlmann, 51. 
PIERRE SIMON LAPLACE 
In the fourth chapter of the ninth book of his voluminous 
work Mkanique Gleste, published in four volumes 1798-1825, 
Laplace [1829-1839 IV, 565-5721 develops a very elaborate formula 
for measuring heights by barometer: r = 18336 (1 + 0.002845 cos 2$) 
‘(1 + 2(t + T)/lOOO)([(l + r)/a] (log h’ - log h) + 0.868589r/a) 
where r = height difference of the two stations, + = latitude 
at lower station, t = degrees above freezing at lower station, 
T = degrees above freezing at upper station, a = distance from 
center of earth to lower station, h’ = height of barometer at 
lower station, and h = height of barometer at upper station. 
This formula includes corrections for temperature, latitude, 
difference in gravity at different altitudes, and for humidity 
variations. The development of this pressure-height formula is 
based upon the equation for which Laplace is best known in 
meteorology (dp = gpdr), where p is pressure, g is force of 
gravity, and p is density of air at height 4 [Laplace IV, 469- 
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5221. The formula is still used [Haurwitz 1941, 11-171. 
Laplace did not consider his formula perfect and provided an 
insight as to the probable character of the modifications which 
would be introduced by subsequent investigators: 
The corrections depending upon the latitude and upon 
the variation of gravity, are very small; but as they 
really exist, so as to leave in the calculation no other 
imperfections than those which arise from the inevitable 
errors of observation; or from the effect of the unknown 
attractions of the mountains; or from the hygrometrical 
state of the air, which ought to be noticed; or finally 
from the error arising from the use of the hypothesis, 
relative to the law of the diminution of the heat. 
[Laplace IV, 5711 
However, the correctness of Laplace’s formula remained essen- 
tially undisputed throughout the nineteenth century. He was 
the first to have proposed a complete pressure-height formula 
which took account of all variations in temperature and in the 
intensity of the earth’s gravitation at different latitudes and 
at different heights above the surface. 
Before leaving the contribution of Laplace, it should be 
noted that Laplace’s work in the area of probability theory was 
probably instrumental in inducing him to undertake his researches 
into barometric variations and consequently into the pressure- 
height problem [Todhunter 1949, 4991. In the section entitled 
“Application du calcul des probabilites a la philosophie 
naturelle” of his famous work Essai Philosophique sur les 
Probabilitks, Laplace comments that if a large number of baro- 
metric observations are taken at nine in the.morning and at four 
in the afternoon, it is found that the average barometer 
reading is higher in the morning than in the afternoon [ Laplace 
1825, 1221. Laplace found that the chance of this phenomenon 
being due to chance was less than 1 to 300,000 and concluded 
that there must be a physical cause. 
This then is an example of Laplace using the theory of prob- 
ability to rule out the likelihood of a physical phenomenon 
being due to chance and then investigating the cause of the 
phenomenon. It is probably the first instance of work in pure 
mathematics leading to meteorological investigations. 
The subsequent efforts in the nineteenth century consisted 
largely in the refinement of the constants in Laplace’s formula. 
However, this is not to say that interest in the pressure-height 
problem died out in the nineteenth century. A host of mathemat- 
icians and other scientists devoted their efforts to improving 
Laplace’s formula [Ruhlmann, 26-321 Among them were some of 
the most noted mathematicians of the century. To expedite 
computations of heights with the barometer, the famous mathe- 
matician Carl Friedrich Gauss computed tables giving corrections 
for the temperature of air at both stations, and also for the 
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diminished gravity in high altitudes [Gauss 18151. Friedrich 
Wilhelm Bessel in two works gave very extensive mathematical 
discussions of this problem and the atmosphere in general 
[Bessel 1835 and 18381. The number of nineteenth-century mathe- 
matical journals which contained articles on this problem 
testifies to its continued mathematical legitimacy [ Ruh lmann , 
311. 
CONCLUSION 
We have seen that work on the pressure-height problem, sug- 
gested in the middle of the seventeenth century by Pascal, 
reached its peak at the end of the eighteenth century with the 
work of Laplace. Mariotte theorized that as the pressure 
decreased in an arithmetical progression, the corresponding 
height increased in a geometrical progression. This conjecture 
led to the application of logarithms by Halley. Daniel Bernoulli 
and Fontana realized the great applicability of the relatively 
new field of calculus. De Luc initiated the attempts to correct 
the basic formula of Halley for such variables as temperature, 
density, and gravity, which prepared the way for Laplace. Table 
III outlines these developments. 
There were other less significant contributions, some by 
mathematicians [Ruhlmann 1870, 24-26 gives a complete list], but 
we have seen the important role that mathematicians played in 
the development of pressure-height relations. The predominance 
of mathematicians may be partly attributed to the fact that the 
major theoretical progress came with the application of loga- 
rithms and calculus. This was the first application of mathe- 
matics in meteorology. The methods evolved from attempting to 
express mathematically the relations between empirically 
discovered meteorological variables became the basis of dynamic 
meteorological development in the nineteenth and twentieth 
centuries. 
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